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Abstract 

A factorization formula for certain automorphisms of a Poisson alge- 
bra associated with a quiver is proved, which involves framed versions 
of moduli spaces of quiver representations. This factorization formula is 
related to wall-crossing formulas for Donaldson-Thomas type invariants 
of M. Kontsevich and Y. Soibelman [4]. 

1 Introduction 

In [4], a framework for the definition of Donaldson- Thomas type invariants for 
Calabi-Yau categories endowed with a stability structure is developed. One of 
the key features of this setup is a wall-crossing formula for these invariants, 
describing their behaviour under a change of stability structure in terms of a 
factorization formula for automorphisms of certain Poisson algebras defined us- 
ing the Euler form of the category. 

In this paper, we study such factorization formulas using quiver representations, 
their moduli spaces, and Hall algebras (for different such approaches, see [TJ [3]). 

With a quiver without oriented cycles, we associate a Poisson structure on a 
formal power series ring and study factorizations of a certain automorphism 
into infinite ordered products associated with stabilities for the quiver (see sec- 
tion [2] for precise definitions). Our main result, Theorem 12.11 describes these 
factorizations in terms of generating series for Euler characteristics of framed 
versions of moduli spaces of representations of the quiver, called smooth models 
in [2]. This result yields a weak form of an integrality conjecture for Donaldson- 
Thomas type invariants of [4] . 

We approach this theorem by producing the desired factorizations in the Hall 
algebra of the quiver, in terms of the Harder-Narasimhan recursion of [5J; sec- 
tion d] therefore adapts some of the material of [5J to the present setup. Using 
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an evaluation map, simple identities in the Hall algebra often lead to inter- 
esting identities in a skew formal power series ring associated with the quiver 
(see [7] for some instances of this principle). In the present setup, the latter 
ring is viewed as a quantization of the Poisson algebra; we develop a simple 
algebraic setup for constructing automorphisms of the Poisson algebra from a 
class of formal series in section [3] The key feature is that certain series in the 
skew formal power series ring induce non-trivial automorphisms of the Poisson 
algebra via conjugation. That this property applies to the generating series 
induced from the Harder-Narasimhan recursion follows from a formula for the 
Bctti numbers of smooth models of [3J; this is explained in section [5j We end 
with two classes of examples in section |5J considering generalized Kronccker 
quivers, we can prove a weak form of the integrality conjecture of [4]. We also 
relate the factorization formula Theorem l2.1l to a factorization formula of [3] in 
terms of Gromov-Witten theory. Finally, we consider Dynkin quivers, for which 
the relevant moduli spaces are trivial. 

Acknowledgments: I would like to thank J. Alev, T. Bridgeland, B. Keller, 
S. Mozgovoy, R. Pandharipande, B. Siebert, Y. Soibelman and V. Toledano- 
Laredo for interesting discussions concerning the material in this paper. I am 
indebted to Y. Soibelman for providing me with a preliminary version of [4], 
and for pointing out a gap in an earlier version of this paper. 



2 Statement of the result 

Let Q be a finite quiver, given by a finite set of vertices I and a finite set of 
arrows, written as a : i — » j for i, j G /. We assume throughout the paper that Q 
has no oriented cycles, thus we can order the vertices as I — . . . , i r } in such a 
way that k > I provided there exists an arrow ik —*■ ii. Set A = ZI with natural 
basis i £ I, and consider the sublattice A + = NI. Let 8 g A* be a functional 
(called a stability), and define the slope of a non-zero d — J^iei dii 6 A + as 

/ t\ 9(d) 
K d ) = 

dim a 

where dirnd = Yliei^i- ^ or A* £ Q: define A+ as the subsemigroup of A + of all 
7^ d £ A + such that /i(d) = together with £ A. 

Define a bilinear form (, ), the Euler form, on A via 

(d, e) = diei — ditj for rf,e 6 A. 

i£l a:i—>j 



Denote by {,} the skew-symmetrization of (,), thus {d, e] = (d,e) — (e,d). 
Define bij — {i,j} for i.j E I. 

We consider the formal power series ring B = Q[[A + ]] = Q[[xi : i £ /]] with 
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topological basis x d — Y\ i£l x^ for d G A + . The algebra B becomes a Poisson 
algebra via the Poisson bracket 

{xi, Xj} = bijXiXj for i,j G /. 

Define automorphisms Td of B by 

T d (x j )=x j -(l + x d )^ 

for all d G A + and j G /. A direct calculation shows that these are indeed 
Poisson automorphisms of B (see Lemma T3. 5 1 for a conceptual proof). 

We study a factorization property in the group Aut(-B) of Poisson automor- 
phisms of B involving a descending product Il^eQ indexed by rational num- 
bers. In the following sections, we will see that we actually work in a subgroup of 
Aut(_B) where such products are well-defined a priori (see the remark following 
Definition [42)) . 

Theorem 2.1 In the group Aut(_B), we have a factorization 

T h o . . . o T ir = T M , 

where 

T f .(x j )=x j -l[Ql(x) b v 

iei 

for formal series Q^x) G Z[[A+]]. These series Q l ^{x) are given by the gener- 
ating function 

QU X ) = E x(Mf yi (Q))x d , 

d£A+ 

where xi^diiQ)) denotes the Euler characteristic in singular cohomology of a 
framed moduli space of semistable representations of Q of dimension vector d 
(see section [5.1\ for the precise definition). 



3 Quantization 

In this section, we quantize the Poisson algebra B to a skew formal power series 
ring A. We define a class of invertible elements of A which induce well-defined 
non-trival automorphisms of B via conjugation. 

Definition 3.1 For a commutative ring S and an invertible element q G S* , 
define a skew formal power series ring S q [[A + \\ as follows: as an S -module, 
S q [[A + ]] has a topological basis consisting of elements t d for d G A + ; multipli- 
cation is defined by 

t d. t e = -(e,<t) t d+e_ 



3 



We apply this definition to the base ring K = Q(q), the field of rational functions 
in q, and to R — Z[q, q^ 1 ]- This yields A = Q(q) q [[A + ]], with a natural R- 
sublattice A = R q [[A+]]. 

Lemma 3.2 Specialization at q = 1 identifies B with A/(q — 1)A as a Poisson 
algebra. 

Proof: That specialization at q = 1 induces an isomorphism of Q-algebra 
follows from the definitions. Moreover, we have 

^ = t_t_ 1_±_ = q q td+e = d+e 

q-l q-l 

□ 

For a series P(t) = Y^d ad ^l)^ d e A, we denote by P{x) its specialization at 
q = 1 in B, that is, 

P(x) = J2^d(l)x d . 

d 

Any i?-algebra automorphism of A induces a Poisson automorphism of B via 
specialization; we define a class of automorphisms given by conjugation with 
invertible elements of A mapping A to itself. 

For a functional r\ G A*, define a twisted form P(q v t) € A of P(t) by 

P(q'H) = Yl ^ (d)a dt d . 
d6A+ 

We view any n € A as a functional n- G A* by n • d — ^ series 

P(t) G A with P(0) = 1, i.e. with constant term equal to 1, is invertible in A. 

Proposition 3.3 Let P(t) £ A be a series with constant term equal to 1, and 
define Q v (t) = P{qH)P{t)- 1 for all r) G A*. 

1. The following conditions on P(t) are equivalent: 

(a) Ql eAfor allrie A*, 

(b) Q l - eAfor allie I. 

2. Conjugation by P(t) maps t d to t d ■ Q { ~^{t) for all d G A+. 

3. If the conditions of part [7] are fulfilled, conjugation by P(t) induces the 
following Poisson automorphism of B: 



x d h+ x d ■ Q{-' d }{x). 

4. We have Qn(x) = Uiei for all r] G A*. 

5. The set of all P(t) G A with P(0) = 1 fulfilling the conditions of part [I] 
forms a subgroup S of A* . 
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Proof: We have 

Q"+"(t) = P{ q v+ v t)P{t)- 1 = P(qV+ v t)P{q l 't)- 1 P{q u t)P{t)- 1 = Q r < \q l 't)Q l '(t) . 

We have Q°(t) = 1 by the definitions, so 1 = Q r > +( --^(t) = Q 7 >{q^ v t)Q-^(t) and 
thus 

Q~ v (t) = Q v (q~ v t)~ 1 . 

We conclude that every Q n (t) can be expressed as a product of twisted forms 
of the Q l '(t) for i 6 J, proving part [T] and part [4] 

We have t e t d = qt e ' d h d t e by definition of A; it follows that 

P(t)t d = a e (q)t e t d = t d J2 q {e4] a e {q)t e = t d P(q { -' d h), 

e e 

thus conjugation by P(t) maps t d to t d P(q^- d H)P(t)^ 1 , proving part [2] Now 
part [3] follows. 

To prove that S is a subgroup, suppose we are given Pi(t), P2(t) £ 5, with which 
we associate elements Qi(t), Q^{t) £ A as above. We write Q^it) = Yl e be(q)t e - 
Then 

Pi(q'n)p 2 ( q n)p 2 (t)- 1 p 1 (t)- 1 = p 1 (g"<)g' 2 '(t)p 1 (t)- 1 

= P 1 (g"<)^6 e (^ e F 1 (<)- 1 

e 

= X) b «(«)* e - p i(«' H ' { " ,e} *)^( < )" 1 

e 

= $>(<?)* e Qi +{ - e} (*) 

e 

by the identities above. Now every summand in the last sum has coefficients in 
R, thus the sum belongs to A. For P £ S, write P^t)- 1 P(t) = Y,d,Cd{q)t d . 
We conjugate this equation by P(t) and use part 

Q^ty 1 = p(t)p{ q ny l = PMPtftyipMPOt)- 1 = ]T c d ( q )t d Q^ d \t) . 

d ^1a~" 

The leftmost term belonging to A, we see inductively that all Cd(q) belong to 
R. This proves part El 

□ 

Corollary 3.4 With notation of the previous proposition, the map sending 
P(t) £ S to the automorphism 

x d ^x d ■ Q{-' d }{x) 
defines a group homomorphism $ : S — ► Aut(i?). 
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As a first example of series in S, we choose a dimension vector d E A + such that 
(d, d) = 1 (a real root for the root system associated with Q), and consider the 
series 

OO _„2 

The following can be proved using standard identities involving the g-binomial 



coefficients 
in Remark 



(a — 1) (a + —1) 

= — — (gjv_'i) . -(g-i) — ^ - ^ e w ^ Si ye a more conceptual proof 



Lemma 3.5 For any rj E A, we /lave 

>(d) 



Q^(i)=P d (^)P d (t)- 1 = ^ 
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Using Corollary [SHI we get in the notation of section [2J 

*(Pd(t)) =T d e Aut(P). 
For later reference, we note the following property: 

Lemma 3.6 Suppose P(t) £ S belongs to Q(?)g[[Ai"]] for some jj, E Q, and let 
Q v (t) be as in Proposition Then Q v (t) and Q u {t) coincide if rj — v is a 

rational multiple of the functional — fi ■ dim. 

Proof: The subsemigroup A+ has the defining condition fi(d) = /J, that is, 
(0 — fi ■ dim)(rf) = 0. Thus, the condition in the statement of the lemma 
is equivalent to 77(d) = v(d) for all d E A+. In the definition of Q v (t), the 
functional rj only enters through its values on A+ by the choice of P(i); the 
lemma follows. 

□ 



4 Hall algebras and the Harder-Narasimhan re- 
cursion 

With a quiver Q and a stability as before, we associate a system of rational 
functions defined recursively, and relate it to the cohomology of quiver moduli 
via Hall algebras; we adapt material of [6] to the present setup. Generating 
series for this system of rational functions will yield the automorphisms T M of 
Theorem 12. II via the map $ of Corollarv l3.41 

4.1 The Harder-Narasimhan recursion 

Definition 4.1 Define the following rational functions and their generating se- 
ries: 
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1. for d G A + , define ed(q) G Q(q) by 

di 

i£lj=l 

2. Define Pd(q) G Q(<z) for d G A + recursively as follows: if is constant on 
supp(cf) = {i € I : di ^ 0}, then Pd(q) — £d{q)- Otherwise, define 

Pd{q) = e d {q) -^g" Efe <' <d '' d *W(9) • • • • • Pd>{q), 
d* 

where the sum runs over all non-trivial decompositions d = d 1 + . . . + d s 
(i.e. s > 2 and d k ^ for all k) such that ^(d 1 ) > . . . > n(d s ). 

3. Define P(t) = £ deA+ e d (q)t d G A and P„(t) = £ deA + Pd(q)t d G A for all 
(i G Q. 

Remark: The following explicit formula for Pd(q) (a resolution of the defining 
recursion) is proved in [6]: 

ci* fc=iie/j=i 

where the sum ranges over all tuples d* = (d , . . . , d s ) of non-zero dimension 
vectors such that d = d 1 + . . . + d s and /j,(d x + . . . + d k ) > fj,(d) for all k < s. 

Definition 4.2 Given elements c M G Q(q) 9 [[A+]] for /i £ Q such that c M (0) = 
0, we define 

JJ(l + c M )= E c Ml -...-c p ,. 

Remark: The sum on the right hand side is indeed well-defined, since calcu- 
lation of each ^-coefficient reduces to a finite sum. Applying this definition to 
series G <SnQ(g) g [[A+]], we see that decreasing products nieQ m the image 
of $ : S — > Aut(P) are well-defined via 

Lemma 4.3 W^e ftaue P 4l (i) • .. . • P ir (i) = P(t) = Il^eQ * n ^- 

Proof: We first prove the second identity. By the definition of the functions 
Pd(q), we have 

n^) = E ( E •••••( E 

P6Q in>...>n a deA+^O deA+,\o 
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pA<l)t dl ■■■■■Pd°{q)t dS 



(d x ,...,d s ) 
fj.(d 1 )>-..> f i(d s ) 



(<jl d") 

-i(d 1 )>-..> fI (ti s ) 



The first identity follows from the definition of A and the choice of the ordering 
of the vertices of Q; we have 

d, 

p n (t) . . . . ■ p lr (t) = ^^^niif 1 -^)^ 1 ''-'^ 

dSA+ iel j=l 



□ 



4.2 Quiver representations 

Let k be a field. We consider finite-dimensional fc-representations 

M = ((Mi) ieI) (Af Q : Mi -> M,-)a:i^) 

of Q, given by an /-tuple of finite-dimensional fc-vector spaces Mj, together with 
fc-linear maps M a : Mi — ► Mj- indexed by the arrows a : i — > j. Let modfcQ be 
the abelian /c-linear category of finite dimensional fc-representations of Q. The 
Grothendieck group of modfcQ can be identified with the lattice A via the map 
attaching to the representation M its dimension vector 

dimM = ^(dim fe Mj)i. 

i 

The above bilinear form (_, _) then becomes the homological Euler form on 
mod/jQ, in the sense that 

(dimM, dimAQ = dimHom Q (M, N) - dimExtg(M, N) 

for all representations M, TV. 

We denote by Si the one-dimensional simple representation supported at the 
vertex i S I, and by Pi its projective cover. Then every projective representa- 
tion of Q is isomorphic to P( n > — © ig j P™* for some n G A + . 

For the following basic notions and facts on (semi-)stability of quiver represen- 
tations, see e.g. [7]. For a non-zero representation M, we define its slope as the 
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slope of its dimension vector, i.e. /i(M) = u( dim M). We call M semistable if 
H{U) < i/(M) for all non-zero proper subrepresentations U of M, and we call 
M stable if fJ,(U) < fJ,(M) for all such U. Moreover, we call M polystable if it 
is isomorphic to a direct sum of stable representations of the same slope. 

The semistable representations of a fixed slope /i e Q form a full abelian subcat- 
egory mod^Q, whose simple (resp. semisimple) objects are given by the stable 
(resp. polystable) representations of slope /x. 

For every representation M, there exists a unique Harder-Narasimhan filtration, 
by which we mean a filtration 

= M C Mi C . . . C M s = M 

such that all subfactors Mj/Mj_i are semistable, and 

MMx/Mo) > . . . > p(M a /M a _i). 

4.3 Hall algebras 

Let k be a finite field. For d £ A + , fix fc-vector spaces Mi of dimension dj for 
i e /, and let 

R d = Hom fc (Mi, Mj-) 

be the space of all k- representations of Q on the vector spaces Mi, on which the 
group 

G d = l[GL(Mi) 

iei 

acts via base change 

such that the G^-orbits in i?^ correspond naturally to the isomorphism classes 
of representations of Q. Let Q Gd (Rd) be the space of (arbitrary) G^-invariant 
Q- valued functions on Rd, and define 

H k ((Q))= n 

deA+ 

This becomes a A + -graded algebra, the (completed) Hall algebra of Q, via the 
convolution type product 

(fg)(M) = ^ f(U)g(M/U) 

UCM 

for functions / £ Q Gd (Rd), g E Q Ge (i? e ) and representations M G i?d+e- Note 
that the sum over all subrepresentations {/ is finite and that the value of / on 
U (resp. of g on M/U) is well-defined by the definitions. 
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Let Q|fe|[[A + ]] be defined as in Definition 13.11 where the cardinality \k\ of k is 
viewed as an element of Q. The map 

J :ff((Q))-Q| fc |[[A+]] 

given by 

for / e Q Gd (Rd) is a Q-algebra morphism by [6]. 

Define I4 = l^ d as the characteristic function of Rd, and define l^ s * = l^t as 
the characteristic function of the locus R d st of semistable representations in Rd- 
We form generating functions of these elements by 

e := J2 U e M = E ^ for ^ e Q 
Lemma 4.4 For every d € A + , we ftove i/ie following identity in Hk((Q)): 

id - 2^ i d i • ■ ■ ■ • i d s > 

the sum running over all decompositions d = d 1 + . . . + d s into non-zero dimen- 
sion vectors such that ^{d 1 ) > . . . > /i(c? s ). Consequently, we have e = n^eQ e v 
in IhA(Q)). 

Proof: The existence and uniqueness of the Harder-Narasimhan filtration (see 
section |4~2]) can be rephrased as follows using the definition of the Hall algebra: 
for every ^-representation M of Q, there exists a unique tuple (d 1 , . . . ,d s ) of 
dimension vectors such that ^(d 1 ) > . . . > /J,(d s ) and 

(1^-....1?.*)(M) = 1 

(namely, the <P are the dimension vectors of the subfactors in the Harder- 
Narasimhan filtration). The first identity follows. Similar to the proof of Lemma 
14.31 above, this allows us to compute 

ft«M = E ( E !?*)•••••( E ir*) 

mgQ in>...>(i, deA+^o deA+ a \o 

V ' ■ ■ ■ ' V 

{d 1 ,...,d s ) 
M(<l 1 )>.->n(ti s ) 

= E ld ^ ed - 

□ 

Since the rational functions ed{q) and Pd{q) have no poles at q = \k\ by Definition 
14. 1) we can specialize the generating functions P{t) and to Q|k|[[A + ]]. 
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Proposition 4.5 The series P(t) specializes to J e, and the series P^{t) spe- 
cialize to J e M for all fie Q. 

Proof: By the definitions of Rd, Gd and the Euler form (_, _) on Q, we have 

/^HTO= |irH nn« H "- 1 -* 11 

proving the first statement. The second now follows since the elements J l s d st 
satisfy the same recursion as the elements Pd(q) by Lemma 14.41 

□ 

Remark: By the definition of the function l d st , we thus have 

I r? ss t I 

In case d is coprime for 0, this is used in [6] to prove that 

(q - 1)- Pd (q) = ^dimir(Afj*(Q),Q)g*/ 2 , 

i 

where Mf(Q) denotes the moduli space of stable representations of Q of di- 
mension vector d (see section [Ol for the definitions). The result holds since in 
the coprime case, we have a smooth projective moduli space whose numbers of 
rational points over finite fields k behave polynomially in |fc|. 

5 Smooth models and the proof of Theorem 12.11 

Using the construction of (framed versions of) moduli spaces of representations 
of quivers, we prove that the series P^ belong to S. This fact, together with the 
Harder-Narasimhan recursion of the previous section, proves Theorem 12.11 

5.1 Quiver moduli 

In this section, we work over the complex numbers. For every dimension vector 
d 6 A + , there exists a smooth complex variety M j*(Q) whose points parametrize 
isomorphim classes of stable complex representations of Q of dimension vector 
d. It embeds as an open subset into a (typically singular) projective variety 
M^ st (Q) whose points parametrize isomorphism classes of polystable represen- 
tations of Q of dimension vector d. If d is coprime for 0, by which we mean 
that //(e) ^ fi(d) for all < e < d, we have Mf{Q) — M^ st (Q), consequently a 
smooth projective complex variety. 

For n G A + , fix additional vector spaces Vi of dimension rij for i E I. 

Theorem 5.1 (|2j) There exists a projective variety Md >n {Q) parametrizing 
equivalence classes of pairs (M, /) consisting of a semistable representation M of 
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Q on the vector spaces Mi, together with a tuple of maps f = (/, : Vj — * Mj)j e j 
such that n(U) < fi(M) whenever U C M is a proper subrepresentation of M 
containing the image of f (that is, the subrepresentation generated by the fi(Vi) ); 
such pairs are considered up to isomorphisms of the representations intertwining 
the additional maps, that is, (M, f) is equivalent to (M' , /') if there exists an 
isomorphism ip : M — > M' such that f — ipf. 

This is a framed version of moduli of (semistable) quiver representations, called 
smooth models in |2J . There it is also shown that the framing datum / induces a 
morphism from the projective representation P^™) to M such that fJ.(U) < /u(M) 
for any proper subrepresentation U of M containing its image. 

There exists a canonical projective morphism ir : Mf n (Q) — > M| S *(Q), which 
by [2J is etale locally trivial for a suitable (Luna type) stratification of Mi st {Q) 
with known fibres (they are isomorphic to certain nilpotent parts of smooth 
models for the trivial stability and quivers with oriented cycles). 

As a special case, we consider the quiver Q° consisting of a single vertex and 
no arrows, with trivial stability. From the definitions, it is easy to see that 
Mj_(Q°) ~ Gr^(C), the Grassmannian of fc-planes in n-space. 

5.2 Proof of Theorem [27T1 

Let again k be a finite field. The semistable representations of Q of fixed slope 
fx S Q form a full abelian subcategory mod£(Q) of mod£(Q). Thus, for a 
subrepresentation U C M of a representation M € mod^(Q), we can form the 
intersection 

(eo„ = n v e mod£(Q). 

Vemod^(Q) 
UCVCM 

This is the minimal subrepresentation of M containing U which is semistable 
of slope /i. For n 6 A + , we denote by Homg(P' re ', M) the set of all morphisms 
/ G HoniQ (P' n ',M) such that (Im(/)) M = M. As mentioned above, the data 
(M, f) of Theorem 15.11 can be viewed as pairs consisting of a representation 
M E mod^(Q), together with a map / g Homg (PW,M). 

For d S A+, define 1^* as the function taking value |Hom Q (p(™), M)\ = d 
on M e iij**, an d va hie outside R d st - Define fd. n £ Hk((Q)) as the function 
taking value |Hom^(P("\ M)| on M e R s d st , and value outside R s d st . We form 
generating functions e Alj „ = J2deA+ l Zl and V« = SdeA+ A«- 
The following lemma is a special case of [2j Lemma 5.1]: 

Lemma 5.2 We ftawe e Mj „ = h^. n ■ e^ in Hk((Q)). 

Proof: For a representation M € mod^(Q), we have by the definitions 

(V„-e M )(M)=^|Hom°(pW,C/)|, 
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where the sum runs over all subrepresentations U of M such that U G mod^(Q). 
But the set of all pairs (U, /) consisting of a subrepresentation U C M such that 
U G mod't(Q) and a morphism / G Horn °(p( n ), {/) is naturally in bijection to 
Hom(PW,M), by associating to / : pW -» M the pair ((Im(/)} M ,/ : pW -> 
(Im(/)) M ). Thus, 

(V»-e M )(M) = |Hom(pW,M)| = e M ,„(M), 
proving the lemma. 

□ 

Proposition 5.3 The series P M (i) belongs to S. The automorphism $(P M (i)) 
is given by 

x d » x d -l[Qi(x)V' d \ 

iei 

where 

QU X ) = E x(Mf4Q))x d . 

d 6 A+ 

Proof: By Proposition 14.51 we know that the series P^{t) specializes to J e M 
under specialization of q to k. By definition of e^ n , the series P )1 (q n 't) thus 
specializes to J e M)n for ri G A+. By the previous lemma, the function = 
P fi (q n 't)P^(t)~ 1 thus specializes to J e° „. By definition, the function fd >n inte- 
grates to 




{(MJ) : M G P^*, / G Horn (PW,M} | 
^1 



As in the proof of [H Theorem 5.2], we can conclude, using the definition of 
the smooth model Mf n {Q) and the comparison between numbers of rational 
points and Betti numbers as in the final remark of section l4.3l that the Poincare 
polynomial J }2 i d\mH % {Mf n (Q) 1 Q)q 1 / 2 specializes to / fd, n at q — \k\. Conse- 
quently, we have 

/ e M,» = E T, d[mHl ( M t(QlQ)q l/2 t d . 

deA+ 1 

Thus, the coefficients bd{q) of Q^'(t) are rational functions taking integer values 
at all prime powers q, and thus are polynomials in q. By part [1] of Proposition 
13.31 we conclude that Pu(t) S S. Using parts[3]and|3]of the same proposition, we 
derive the claimed formula for $(P M (t)) since the Poincare polynomial specializes 
to the Euler characteristic at q — 1 in absence of odd cohomology. 

□ 

Remark: Applying this result to the quiver Q°, we get Lemma l3~5l in the case 
d = i. The assumption (d,d) = 1 there allows to generalize to such d using the 
definition of Pd(q)- 

Theorem 12 . 1 1 now follows immediately from Lemma [3~5l Lemma [4731 and Propo- 
sition 15.31 
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6 Examples 



6.1 Generalized Kronecker quivers 

Let Q — K rn be the m-arrow Kronecker quiver with set of vertices / = {i,j} 
and m arrows from j to i. We have {ai + bj, ci + dj} — m ■ (ad — be) and in 
particular bij = m. We choose the stability 6 = j*. Writing a dimension vector 
d £ A + as d = ai + bj for a, b £ N, the automorphism T a fi — Td of the Poisson 
algebra B m = Q[[xj,Xj]] with Poisson bracket {xi,Xj} = mxiXj is then given 

by 



M ■ 



Xi i ► x t {\ + x a t x))- mb 
Xj i-> Xj(l + xfx b j ) ma 



We prove the following weak version of [U Conjecture 1]: 
Theorem 6.1 In Aut(B m ), there exists a factorization 

b/aeQ 

where d(a, b) £ ac ^ a Z /or a/Z a,b £ N. 

Proof: By Theorem 12.11 we have a factorization Tj o Tj = Il^eQ wnere T M 
is given by 



r . i x % | - > ar< ' 

Xj I— > • Q!,(a;) r 



for (ir), Qi(x) being the corresponding generating series for Euler character- 
istics of smooth models. Writing /i = b/ (a + b) for coprime a, 6 £ N, we have 
A+ = N • (a, 6), and thus Q^x), Qj(x) £ Z[[xfx^]]. We choose integers c, d £ Z 
such that ac + 6<i = 1 and define 

F,(x) = Q^xYQ^xf £ Z[[<^]]. 
By Lemma T3. 61 we have Q^(x) a = Q^(a;) 6 - It then follows that 

f^t = Qfa) and W = <W- 

We can factor F^x) into an infinite product 



F,(x) = \[(l + (x<}x)) k y^ 

k>l 



for integers c(/z, fc) £ Z. These two identities allow us to write in the form 



TT n I ry.ka kb\mac(fi,k) 
X j ' 1 lfc>l ^ x i x j J 
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Using the definition of the automorphisms Tk a ,kb and defining d(ka, kb) = 
jc(fi,k), the theorem follows. 

□ 

It is now easy to re-derive the examples of [JJ Section 1.4]. For m = 1, there 
are three isomorphism classes of stable representations of K\, namely the two 
simple representations Si, Sj and their non-trivial extension X. Thus, the 
relevant smooth models reduce to Grassmannians as in the case of the quiver 
Q°, yielding the factorization 

1.0 ° -to.i = J-0,1 J- 1,1 ° J : l, 
which can also be verified directly. 

For tyl — 2, we have a unique stable representation for any dimension vector ki + 
(k+l)j or (k+l)i + kj. Moreover, we have a P 1 -family of stable representations 
of dimension vector i+j, and no stables of dimension vector ki + kj for k > 2. 
We have Mg +khn {K 2 ) ~ Hilb^P 1 ) ^ P fe for n = i,j, and thus 

Q\ /2 {x) = Q[ /2 {x) = J^ik + l){x iXj ) k = (1 - x iXj )- 2 . 

k>0 

We arrive at the following factorization in B 2 : 

Ti,o o T 0} i = (T 0j i o Ti.2 o T 2j3 o . . .) o T o (. . . o T 3j 2 ° T 2 ,\ o T lfi ), 

where 

y Xj *-> Xj ■ (i — XiXj) j 

Remark: In [3, Theorem 0.1], the automorphisms T M , given by generating 
functions of Euler characteristics of quiver moduli, are calculated in terms of 
generating function of genus Gromov-Witten invariants of toric surfaces. This 
alternative interpretation hints towards a link between the underlying geome- 
tries. 

6.2 Dynkin quivers 

Let Q be a quiver of Dynkin type. Then the isomorphism classes of indecom- 
posable representations U a correspond bijectively to the positive roots a € A + 
of the corresponding root system. The Harder-Narasimhan filtration of section 
I4.2l can be replaced by a more explicit filtration (we refer to [S] for details and a 
related application of this filtration). Namely, the positive roots can be ordered 
as a\,...,a v in such a way that Homg(f7 Q , i , U ak ) = = Extg (U ak , U ai ) for 
k < I. Now every representation M of Q is of the form M = (J) fc {/™* , and thus 
admits a unique filtration 

= M v c M"- 1 c . . . C M 1 c M° — M 
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such that M k ~ 1 /M k ~ U™ k k for all k = 1, . . . , v . The arguments of section[l]can 
be applied to this filtration, yielding a factorization • . . . • Pj r = P Q ^ • . . . • P Ql . 
Applying the map <!> : S — > Aut(P), we conclude 

T h o . . . o T lr = T av o ...oT ai . 
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